Here we present both an algebraic and a geometric representation of the limit rotation loop build in [7] , we interpret its main properties in these settings and we determine its automorphism group.
Introduction
This paper is placed in the stream of investigation aiming at describing the relationships between some algebraic structures, such as loops and regular permutation sets, and geometric structures, as hyperbolic geometry and graphs (see e.g. [2, 8, 4, 14, 13] ).
In particular, in the seminal paper [9] , the notion of K-loop is used to provide an algebraic representation of a general hyperbolic geometry over an euclidean field K, employing a suitable set of motions, namely the point reflections, and [5] provides a sort of coordinatization of a general absolute plane. More recently in [7] the authors together with H. Karzel introduced a class of left conjugacy closed loops which admit a fibration consisting of commutative subsemigroups. A motivating example of such loops arises naturally from a selected subset of limit rotations acting regularly on the point-set H of a general hyperbolic plane over a Euclidean field K. For the so derived loop (H, ⊕) it turns out that the left multiplication group is the proper motion group of the plane, isomorphic to P SL 2 (K) (cf. [7, (3.8. 3)], [1] ).
Here, starting from the representation of P GL 2 (K) as the point-set of P G(3, K) deprived of a ruled quadric Q, we characterize the left multiplications of the limit rotation loop (H, ⊕) as one of the two sheets Λ + of the tangent cone to Q through the point 1. Moreover we define an isomorphic loop operation directly on the points of the half-cone Λ + by considering it as an invariant loop section in the group P SL 2 (K) (following [10] and [11] ). In such a way we are also able to determine the automorphism group of the loop (H, ⊕).
More in details in section 2 we briefly recall the main definitions concerning loops, regular permutation sets and hyperbolic geometry and we summarize the construction of the limit rotation loop as presented in [7] .
Section 3 is devoted to present the algebraic model of the limit rotation loop, thus the group P SL 2 (K) is embedded into the 3-dimensional projective space PG(3, K) and the set of limit rotations is identified with a cone in such space. Moreover on the points of this cone an orientation is introduced, which turns out to coincide with that introduced in [7] . Finally the operation of the loop is described in terms of the matrices representing limit rotations.
In section 4 a geometric description of the loop operation is provided via the notion of loop section of a group. Moreover we characterize the fibration in commutative subsemigroups and we present a geometric interpretation of the property of the loop of being left conjugacy closed. Finally we characterize the group of automorphisms of the loop among the automorphisms of P SL 2 (K).
Setting and known results
Recall that a loop is a non-empty set P endowed with a binary operation "+" such that, for all a, b ∈ P , both equations a + x = b and y + a = b admit a unique solution, and there exists an element o ∈ P , called neutral element,
If (P, +) is a loop, then for every element a ∈ P let a + : P → P be the map defined by a + (x) = a + x for every x ∈ P , then it is well known that the set P + := {a + | a ∈ P } is a subset of Sym(P ) acting regularly on P . Conversely a regular permutation set is a pair (P, Γ) where P is a nonempty set and Γ is a set of permutations acting regularly on P . If (P, Γ) is a regular permutation set, then P can be equipped with the structure of loop as follows. Fix an element o ∈ P and, for all a ∈ P denote by o, a the unique map of Γ mapping o to a; then for all a, a(b) and in this situation we shall speak of direct loop derivation. In general starting from a loop it is possible to obtain many different regular permutation sets, and conversely many different regular permutation sets can induce on P the same loop structure (see [12] for more details). In [7] H. Karzel and the two authors introduced a class of fibered loops arising from a suitable subset of the set of limit rotations of a hyperbolic plane via direct loop derivation in the following way. Let (H, L, α, ≡) be a hyperbolic plane over an euclidean field K and let E be the sets of all ends (see [3, § 27] ). Recall that each proper motion μ of the plane can be written as a product μ = A • B, where if A ∈ L, we denote by A the line reflection in A; a proper motion μ = A • B is a limit rotation if the two lines A and B are hyperbolic parallels. In the following we will denote by Λ the set of all non-trivial limit rotations of the plane. It is well known that for any pair of distinct points (a, b) ∈ H 2 there exist two limit rotations mapping a to b, thus in [7] an orientation is introduced on Λ in order to select a regular subset employing the notion of cyclic order. Recall that if we denote by E 3 the set of triples of distinct elements of E, a cyclic order on the set of ends of a hyperbolic plane (see also [6] ) is a map ζ :
Now if we fix a triple of ends (ε, ε , ∞) ∈ E 3 , then in [7] the following cyclic order is considered for all (α, β, γ) ∈ E 3 :
where we define for all α, β, γ, δ ∈ E with α, β = γ, δ:
and α, β denotes the unique line of L defined by the two distinct ends α and β (see [3, (27.2 
If L is a non-trivial limit rotation, λ its fixed end and α any end distinct from λ, then consider the map ω :
and write Λ + := {L ∈ Λ | ω(L) = 1}. In [7] the following is proved. [7, (3.2), (3.3), (3.4)] ). For all L ∈ Λ and A ∈ L:
Theorem 2.1 (
1. the map ω is independent of the choice of the end α;
Exploiting these results, by direct loop derivation, the set H can be endowed with a loop operation. In particular note that for all a ∈ H the map a + is the map o, a, thus
Algebraic Representations of Limit Rotations
We present here an algebraic representation of the set of limit rotations arising from geometric insight. Let (K, +, ·) be a Euclidean field and identify the elements of the projective linear group P GL 2 (K) with the points of the projective space of dimension 3 over the field K deprived of the hyperbolic quadric Q of equation x 1 x 4 −x 2 x 3 = 0 through the natural embedding
Thus the motions of the hyperbolic plane over K, viewed in the Klein model as projectivities of the conic bordering the model, are in one-to-one correspondence with the points of the linear space PG(3, K) \ Q. In particular, the subgroup of proper motions (represented by classes of matrices with positive determinant and isomorphic to P SL 2 (K)) is identified with one of the two disjoint parts in which the projective space is divided by the quadric Q, namely the one that contains the identity point 1 := K * (1, 0, 0, 1). Moreover the points of the Klein model itself can be embedded into PG(3, K) as the internal points of the conic C obtained as intersection of Q with the polar plane of the point 1, of equation x 1 + x 4 = 0. The points of C are thus of the form:
while the points of the Klein model can be represented as
as an easy computation shows. The subgroups of limit rotations correspond to the tangent lines through 1 to Q, and thus are the lines of the quadric cone projecting the conic C from the point 1. Again easy computations show that the cone has equation
and corresponds to the set
Note that each element [L] of the set Λ acts on H as a limit rotation by conjugation in the following way:
∈ Λ any non-trivial limit rotation. Then the following hold true:
the fixed end of the limit rotation
2. the set Λ(K * A) of all limit rotations with K * A as fixed end is the subgroup of P SL 2 (K):
Proof. To prove claim 1 note first of all that for all [L] ∈ Λ the matrix L−I has trace 0 and determinant 0, thus it represents a point of the conic C. Moreover, letting [L] act also on the points of C, we obtain:
. It is well known that the set of all limit rotations with a fixed end is a subgroup of P SL 2 (K) (see e.g. [3, (28.10 ) and (28.11)]). If K * A is a point of C then a non-trivial limit rotation [L] fixes K * A if and only if L − I = kA for a suitable k ∈ K * , thus the set of all limit rotations fixing K * A is represented by
proving 2.
is any point of the conic C, then det(A) = tr(A) = 0, thus either a 2 = 0 and P is the point P ∞ := K * 0 0 1 0 or a 2 = 0 and P is the point P a := K * −a −1 a 2 a . According to the previous proposition in the following we will denote the subgroups of limit rotations (which, from the geometric point of view, are exactly the lines of P G(3, K) lying on the cone Λ) by:
We may denote a general line of the cone Λ by
Remark 3.2.
It is straightforward to verify that each line Λ a,b of the cone Λ is isomorphic to the additive group of the field K, indeed such lines are exactly the parabolic subgroups of P SL 2 (K).
We aim now at introducing an orientation on the set Λ. Denote from now on with L ∞ the matrix
2 , and so it is independent of the limit rotation, thus all such matrices are conjugate, and in particular conjugate to L ∞ . We need the following preliminary result.
Proposition 3.3. If [L] is a non-trivial limit rotation and M, N
Proof. We distinguish two cases, corresponding to the elements of Λ ∞ and of Λ a .
proving that the sign of the determinant of the matrix M depends only on the sign of k.
with k = 0 and M as above. Then we obtain:
which shows once again that the sign of the determinant of M is independent of the matrix itself but depends only on the matrix L k .
We are now in position to introduce the orientation.
According to the previous proposition, this definition makes sense. Proof. In order to compare the orientations let us fix, according to [7] , a frame We distinguish several cases.
• If λ = ε (i.e. by Prop. 3.1 a = 0, b = 1) we have
By direct computation one gets
thus the projective lines of P G(3, K) joining ε, ε and [L](ε ), ∞ are respectively:
where h 1 , h 2 ∈ K are non-homogeneous parameters, and we are assuming • if λ = ε (i.e. by Prop. 3.1 a = 1, b = 0) we have
Again by direct computation one gets
where h 2 ∈ K is a non-homogeneous parameter, and we are assuming [L](ε) = ∞. The intersection point of this line with the line ε, ε expressed as in equation (2) is the point p = K * P where P = 0 1 −k 0 and this point belongs to H if and only if det(P ) = k > 0, thus again
• Finally if λ = ε, ε (i.e. by Prop. 3.1 a = 0, b = 0) we have
Proceeding as in the previous cases one gets
ab .
These points belong to H if and only if det(P
thus, by merging this information, one gets:
and by remark 3.5 this completes the proof.
According to the previous result we can itentify
with the negative sheet of the cone Λ and observe that for each limit rotation [ [7] , exploiting the set of limit rotations Λ + ∪ {id} and once the point o = 0 1 −1 0 ∈ H is fixed, on H we can introduce a loop operation "⊕" by direct loop derivation in the following way. Consider the map ϕ :
denote by ϕ + the restriction of ϕ to Λ + ∪ {id} and note that, by the regularity of Λ + ∪ {id}, the map ϕ + is bijective and moreover, for all a ∈ H, we have o, a = ϕ For any a ∈ H, denote as in [7] by a the right inverse and by ∼ a the left inverse of a,
Since in the hyperbolic plane H over K, given any point a ∈ H there exist precisely two limit rotations mapping o to a, the map ϕ is 2 : 1, hence
The limit rotation loop as an invariant section of the group P SL 2 (K)
Here we want now to provide a geometric description of the loop operation "⊕" in the projective space representation. In order to do that we need to recall that if G is a group with a subgroup D, a complete set L of representatives of the left cosets of D in G with 1 ∈ L will be called a transversal of G/D, namely for a transversal L it holds .7)]) and the binary operation " * " on L can be characterized also in set-theoretic terms in the following way:
Consider now the group P SL 2 (K) acting on the hyperbolic plane over K and the abelian subgroup of rotations
Lemma 4.1. Consider the group P GL 2 (K) embedded in the projective space P G(3, K) \ Q as in Section 3 and the cone Λ of limit rotations.
A line R of P G(3, K) that intersects Λ in two points lying on the same sheet of the cone either is a secant line to the quadric Q or it is a generatrix of the cone;
2. every line not intersecting the quadric Q meets the positive sheet Λ + in exactly one point.
Proof. Linear algebra computation.
Since D is a line of P G(3, K) not intersecting the quadric Q, the same holds for all its left cosets in P SL 2 (K), which are lines in the projective space, for the left multiplications by elements of P SL 2 (K) act on P G(3, K) as projectivities fixing Q. Thus, by the previous lemma, the set Λ + ∪ {id} is a transversal of P SL 2 (K)/D and hence we can equip it with a left-loop operation " * " in the following way:
, thus " * " turns out to be a loop operation. Geometrically the operation can be seen as follows:
This construction provides the required geometric interpretation of the limit rotation loop, in fact the following holds true: 
Note that for any a ∈ H, from ϕ
In [7] for all a ∈ H the following centralizer is considered
and a technique is described in section 2.1 to enlarge such centralizer to an abelian group [[a] ] ⊕ . Namely we have
where, for any x ∈ H, x denotes the right inverse of x and Note that, by [7, (4.1.1)], the loop (H, ⊕) is left conjugacy closed, and through the isomorphism ϕ this is equivalent to the fact that (Λ + ∪ {id}, * ) is left conjugacy closed, hence
Since, by [7, (3.8. 3)], the set of positive limit rotations Λ + generates the group of proper motions P SL 2 (K), then we have also
thus Λ + ∪ {id} is an invariant section of P SL 2 (K) (in the sense of [11] ).
From the geometric point of view, exploiting the correspondence among P GL 2 (K) and P G(3, K) \ Q, for any [G] ∈ P SL 2 (K) the inner automorphism
] is in particular a collineation of the projective space P G(3, K) fixing the quadric Q and the point K * I. Conversely, if we write Θ = {θ ∈ P GL 4 (K) | θ(Q) = Q and θ(K * I) = K * I} and we denote by R 1 and R 2 the two reguli of the quadric Q, then for each θ ∈ Θ either θ(R 1 ) = R 1 or θ(R 1 ) = R 2 ; we will write Θ + for the set of θ ∈ Θ fixing each of the two reguli, and Θ − for the set of θ ∈ Θ interchanging R 1 and R 2 . In [15] it is proven that if we denote by Ψ the set of collineations of P GL 4 (K) corresponding to the inner automorphisms of P SL 2 (K) and by ω the map
If S is a transversal of the left cosets of D in P SL 2 (K) which is invariant under the action of Θ + , then the corresponding loop is a left conjugacy closed loop on which every θ ∈ Θ + induces a loop automorphism (by [10, 2.7.6] ), thus we are interested in searching for such subsets of the projective space associated to P SL 2 (K). Some of the loops obtained in this way will be the target of more investigation in forthcoming papers.
Remark 4.3.
1. Assume that a transversal S equipped with a loop structure is not invariant under the action of Θ + = Ψ, and
Since S is a loop, by [10, (2.7.4 .IV) and (2.7.
and, by the same theorem, S has the structure of a loop. Note that in this situation the isomorphism ψ G fulfils the hypotheses of theorem (2.7.6) of [10] , thus the two loops S and S are isomorphic.
2. If, on the other side, the loop S is not invariant under the action of the map ω, then one can consider the transversal S = ω(S) and equip it with the structure of a loop. Note that, since S = S −1 in general the two loops obtained by loop derivation can have a pretty different structure, and can also be non isotopic (see [12, Rmk 2.7.2] for an example). Note in particular that the limit rotation loop is not invariant under the action of Θ − and since for a limit rotation [L] ∈ Λ with
Observe also that the map defined by left cosets of D, namely Λ
We provide now a characterization of the automorphism group of (H, ⊕) in terms of collineations of P G(3, K). If α ∈ Aut(H, ⊕), since the group generated by Λ + ∪ {id} is the whole group P SL 2 (K) by [7, (3.8. 3)], the map Aut(H, ⊕) → Aut(P SL 2 (K)); α → α, where
is a monomorphism by [10, (2.5)]. Proof. In the group P SL 2 (K) consider the fibration made up of the centralizers of each element. It is well known that this fibration is characteristic, and, in our representation of the group P SL 2 (K) as a subset of the pointset of the projective space P G(3, K), it corresponds precisely to the lines of P G(3, K) through the point 1. By [15, props 2.1 and 2.3] the group Aut(P SL 2 (K)) is precisely the subgroup of collineations of the projective space fixing 1 and preserving the quadric Q, moreover by [15, Thm 1] it holds Aut(P SL 2 (K)) ∼ = Ψ K.
Proposition 4.4. The group Aut(H, ⊕) is isomorphic to the subgroup
Hence, according to the previous proposition, the subgroup T Aut(P SL 2 (K)) is isomorphic to a subgroup of collineations of P G (3, K) , and to prove the statement it remains only to show that T ∼ = Ψ D K. This result follows noticing that:
1. for all G ∈ P SL 2 2. since the field K is euclidean, each α ∈ K preserves the ordering in K, thus by 3.5 it preserves the half cone Λ + ; moreover it is straightforward to see that α(D) = D.
